We describe a method for calculating free energies and chemical potentials for molecular models of gas hydrate systems using Monte Carlo simulations. The method has two components: (i) thermodynamic integration to obtain the water and guest molecule chemical potentials as functions of the hydrate occupancy; (ii) calculation of the free energy of the zero-occupancy hydrate system using thermodynamic integration from an Einstein crystal reference state. The approach is applicable to any classical molecular model of a hydrate. We illustrate the methodology with an application to the structure-I methane hydrate using two molecular models. Results from the method are also used to assess approximations in the van der WaalsPlatteeuw theory and some of its extensions. It is shown that the success of the van der Waals-Platteeuw theory is in part due to a cancellation of the error arising from the assumption of a fixed configuration of water molecules in the hydrate framework with that arising from the neglect of methane-methane interactions.
I. Introduction
The formation and stability of natural gas hydrates represents both an important fundamental problem in molecular thermodynamics and a problem with substantial technological importance. 1 The methane mole fraction approaching 15% in a fully occupied structure-I methane hydrate contrasts dramatically with the solubility of methane in liquid water at the same conditions that is several orders of magnitude lower. Molecular models of the interactions in water/alkane mixtures should be able to describe both phenomena. From a technological perspective, the formation of hydrates in oil and gas pipelines is an important problem in flow assurance, while the enormous hydrate deposits on ocean beds are seen as a potential fuel source much larger than other reserves of fossil fuels. Thus, gas hydrate research continues to be of wide interest. [1] [2] [3] [4] The hydrate complex is an assembly of cage structures created by networked water molecules around the guest molecules. The presence of guest molecules stabilizes a network of water molecules at a substantially lower water density than any of the phases of ice. Three primary structures for gas hydrates exist, structure I, structure II, and structure H. 1 Experimental studies of gas hydrates have provided information about the phase equilibrium properties, 1,5-7 the structure of the hydrate, 8, 9 and the hydration number of the solid. 5, [10] [11] [12] [13] [14] [15] Other hydrate structures appear at high pressure as well as filled ice structures. 16, 17 For the case of the structure-I methane hydrate, one unit cell of the fully occupied hydrate contains water and methane in a 46:8 ratio. However, research indicates that the methane hydrate equilibrium composition varies with the temperature and pressure with typically a small percentage of the cages empty, 5,13-15 and the impact of this upon the phase diagram has been discussed. 1, 18, 19 The role of the guest molecule in determining the stability of a gas hydrate is intimately linked with the physics of hydrophobic hydration in the liquid phase. [20] [21] [22] [23] The formation of hydration shells of water around a guest molecule in the liquid phase provides a transitional structure to the water cages in gas hydrates, though a full understanding of this remains an active area of research. 15, 24, 25 The rigidity of the hydrogen-bonded network between the water molecules in the solid makes it possible to sustain extended arrays of guest molecules in water cages that would be suppressed by fluctuations in the liquidphase hydrogen bond network.
In the context of statistical mechanics, the most studied methods for modeling the thermodynamics of gas hydrates are based on a formalism developed by van der Waals and Platteeuw (vdWP). 26, 27 This approach approximates the gas hydrate with individual cages and noninteracting guest molecules, a formulation following from the cell theory of solids. 28, 29 The success of the approach is clearly evident in that it still is the basis for industrial hydrate calculations. 1 The vdWP approach relies on four key assumptions: the contribution to the free energy from the hydrate network is independent of the hydrate occupancy, the cages are singly occupied, the guest molecule has no interaction with guest molecules in neighboring cages, and quantum effects are negligable. This leads to a factorization of the partition function into a product of cell partition functions computed from the configurations of the guest molecules in an external field created by the water molecules forming the cages. A variety of approaches have been taken to extend the vdWP theory, primarily focused on more sophisticated calculations of the cage potential energy field, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] although effects such as multiple occupancy of the cages 41 and the effects of interactions between guest molecules in neighboring cages 42 have also been investigated. Tanaka et al. 41, [43] [44] [45] [46] have applied lattice dynamics to a molecular model combined with the vdWP theory to calculate hydrate free energies. This approach allows for the vibrational motion of the water molecules, but the method is limited by the range of temperature where the harmonic approximation is correct. In a similar spirit, Westacott and Rodger 47 applied a local harmonic method to calculate the direct free energy of the solid. This method does not provide for the possibility of unoccupied cages and is limited by the range of temperatures over which the approximation is correct. Monte Carlo and molecular dynamics simulations of hydrates offer the possibility of an exact calculation of the properties for a given molecular model without the assumptions in the vdWP or lattice dynamics approaches. A variety of such calculations have been published, 37, [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] addressing a range of issues in hydrate behavior, including assessments of the approximations built into the vdWP theory 57, 59, 60, 64 and calculations of the vibrational spectra of the hydrate solid. 48, 50, [52] [53] [54] [55] 57 Monte Carlo and molecular dynamics techniques may also be used to calculate the phase diagrams for hydrate-forming systems, but this is a significant computational undertaking that until recently has not been undertaken. In this paper, we present a methodology for calculating free energies and chemical potentials from Monte Carlo simulations of hydrates. The results from this methodology can be used to compute phase diagrams for hydrate-forming systems. We have used the method in a rather extensive study of the phase diagram for a molecular model of the water-methane system. 65 The method we present has two components. First, we make use of an isobaric semigrand ensemble in which the temperature, pressure, number of water molecules, and guest molecule chemical potential are fixed. Using Monte Carlo simulations in this ensemble, we determine the hydrate occupancy as a function of the guest molecule chemical potential. Thermodynamic integration is then used to determine the water chemical potential relative to that for the zero-occupancy hydrate as a function of the guest molecule chemical potential or hydrate occupancy. The second component of the method is a calculation of the zero-occupancy hydrate chemical potential. The zero-occupancy hydrate is not thermodynamically stable, but it is a reproducible, mechanically stable state in Monte Carlo simulations. Its Helmholtz free energy is determined using the method of Frenkel and Ladd, 66, 67 involving an additional thermodynamic integration from a classical Einstein crystal reference state. This method is now the standard approach to determining the free energies of solids. 29, [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] An alternative reference state for determining the water chemical potential as a function of the hydrate occupancy is the fully occupied hydrate. If the fully occupied hydrate is one where only single occupancy of the cavities is possible, then the system is a substitutionally ordered solid solution and its free energy may also be determined using the Frenkel-Ladd method. 69, 71, 79 A calculation of this latter type was presented by Baez 80 for a structure-I methane hydrate. However, in that calculation the large cages were fully occupied, leaving the small cages empty. This is a low-probability state, since all the cages of a structure-I methane hydrate are accessible to methane occupancy, and would not be suitable as a reference state.
As an illustration of the overall method, we apply it to two molecular models of the methane structure-I hydrate. The first is based on the primitive model of water/alkane mixtures developed by Nezbeda and co-workers. 81 This model features the primary physical effects governing hydrophobic hydration, i.e., one component forms a hydrogen bond network while the other does not, and it is of some interest to see whether the model generates stable hydrate phases. The second model is one where the water molecules interact via the simple point charge (SPC/E) model 82 and the methane molecules via the Lennard-Jones 12-6 potential. This can be regarded as a base case choice for a more realistic model of a hydrate. In addition to making it possible to calculate phase diagrams, the results from our methodology are also used to test the approximations in the vdWP theory and its extensions. Throughout this paper, we focus on the structure-I methane hydrate, but the methodology is applicable to any hydrate structure and to other guest molecules, and the extension to mixtures of guest molecules is straightforward.
In the next section of the paper, we discuss the methodology in more detail. In section III, we describe the molecular models used in our illustrative calculations. Section IV presents some results from the method calculations and includes thermodynamic consistency tests. In section V, we compare results from our calculations with predictions from the vdWP theory and its extensions, focusing on the predicted relationship between the occupancy and the methane chemical potential. Section 6 gives a summary of our results and conclusions.
II. Calculation of Free Energies and Chemical Potentials for Hydrate Phases
A. Semigrand Ensemble Calculation of Chemical Potentials for Hydrates. We begin with the fundamental property relationship for a binary mixture of water, w, and methane, m, expressed as where µ is the chemical potential, N denotes numbers of molecules, S is the entropy, T is the temperature, and U is the internal energy. Taking the Legendre transform of U with respect to S, V, and N m , we find Taking the differential of eq 2, holding N w constant, and using eq 1, we have We integrate eq 3 at fixed T and P to obtain the chemical potential of water relative to that in a reference state as
The reference state in our calculations is typically the zerooccupancy hydrate so that µ m (0) ) -∞. The Gibbs free energy for the hydrate is given by N m is obtained as an ensemble average by carrying out semigrand Monte Carlo (SGMC) simulations of the hydrate. The probability of configurations in the SGMC simulations is given by where s N denotes the set of coordinates of the molecules, with translational coordinates scaled by V 1/3 .
B. Free Energy of the Zero-Occupancy Hydrate. The zerooccupancy hydrate may be viewed as a metastable ice phase, and we use the Frenkel-Ladd (FL) method 66 to calculate its Helmoltz free energy. Our use of the FL method follows closely the original work, with modifications to treat the orientational degrees of freedom 83 and the effect of a fixed center of mass. 67 The starting point is defining the Einstein crystal Hamiltonian
kT ) (6) where λ T and λ R are force constants, R i gives the Cartesian coordinates of molecule i, and R i (0) gives those coordinates for molecule i in a reference lattice. a,i and b,i are angles describing the orientational displacement of the molecules with respect to the reference lattice, and are described in more detail by Vega and Monson. 83 Equation 7 defines a classical Einstein crystal with a free energy that can be determined by a combination of analytical and numerical methods. If we add eq 7 to the Hamiltonian, H 0 , for our model system of interest, we have the Hamiltonian for an interacting Einstein crystal
For very large values of λ T and λ R , the system behaves as an Einstein crystal that is only slightly perturbed by the interactions in H 0 . For zero values of λ T and λ R , the system behavior is determined only by H 0 . Thermodynamic integration is used to determine the free energy change associated with changing the force constants from zero to values sufficiently large, where the system is close to being an Einstein crystal. 66 We write the free energy of our system as where A E is the free energy of the Einstein crystal, A IE is the free energy of an interacting Einstein crystal (i.e., the system with Hamiltonian H IE (λ T , λ R )), and A CM is the free energy of the hydrate but with its center of mass fixed. All quantities except A in eq 9 refer to systems with fixed center of mass. A E can be written as A E ) A E,T + A E,R where is the contribution from translational motion, 67 and is the contribution from the rotational motion with y ) cos R and y′ ) (γ/π) where R and γ refer to Euler angles describing the molecular orientation. 83 The difference in free energy between an noninteracting and interacting Einstein crystal is found by using with 〈〉 HE(λT,λR) indicating a canonical ensemble average evaluated for a system with Hamiltonian H E (λ T , λ R ). The third term in eq 9 is determined using a coupling parameter integration over λ T and λ R . 66, 68, 83 The final term in eq 9 is given by A -A CM ) ln(V/N). 67 We assume that the hydrate is proton-disordered but that the contribution to the free energy from the disorder is independent of the molecular interactions and approximated by the residual entropy of ice as determined by Nagle. 84 The coordinates of the oxygen atoms for the perfect crystal used in specifying H E (λ T , λ R ) are those given for the structure-I hydrate by McMullan and Jeffrey. 8 The orientations associated with the perfect crystal were determined by carrying out a search over the water molecule orientations to determine the configuration of lowest potential energy as discussed further in the next section.
III. Molecular Models and Monte Carlo Simulations
We have considered two types of models in this work. The first model was chosen in answer to the question of what might be the simplest molecular model that could describe hydrate behavior. 65 This is a mixture of a hard spheres representing the methane molecule and associating hard spheres (primitive model of water, PW) representing waterswe refer to this as the PW/ HS model. This model has been used extensively by Nezbeda and co-workers 81,85 in applications to aqueous solutions of alkanes, and the solid-fluid equilibrium of the PW has been previously studied for two ice phases. 86 The PW/HS model has hard sphere diameters, σ and σ m , for water and methane, respectively, and we primarily use σ m ) 1.25σ. The PW model has four tetrahredrally coordinated square well sites, two sites labeled A and two labeled B, with range, λ w ) 0.15 σ, and well depth, . The square well interactions occur only between an A site on one molecule and a B site on another, and only one bonding interaction can occur between each pair of sites. The second model we consider is similar to models that have been used in previous molecular simulation studies of hydrates. 37, [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] We use a Lennard-Jones 12-6 potential for the methane-methane and methane-water interactions and the SPC/E 82 model for the water-water interactions. We refer to this as the SPCE/12-6 model. The methane-methane well depth and collision diameter parameters used here are mm /k ) 148 K, σ mm ) 0.373 nm. 87 The methane-water parameters were
The Monte Carlo simulations of the SPCE/12-6 model included standard Ewald summation methods 88,89 to account for long-range electrostatic interactions. We used a convergence parameter of 5.5/L, where L is the lattice parameter of a structure-I hydrate. The long-range dispersion interactions were also treated with a lattice summation method. 90 The initial water molecule configuration for the PW/HS model was obtained through simulated annealing by fixing the oxygen atom coordinates 8 and rotating the water molecules until a complete hydrogen-bonded network was found. A similar procedure was employed to obtain an initial configuration for the SPCE/12-6 model, with the objective being to minimize both the energy and the dipole moment of the hydrate unit cell. In this case, we used an annealing schedule with 20 temperatures in the range 400-0.1 K, with 10 6 cycles of rotation moves at each temperature, and we iterated each series of temperatures 10 times.
Our Monte Carlo simulations were carried out using the canonical, isobaric-isothermal, semigrand, and isobaric semigrand ensembles using the standard implementations of these ensembles. The simulations were typically run over 5 × 10 5 cycles with the first 10 5 cycles used for equilibration. In each case, a cycle consisted of N ) N w + N m attempted configuration changes. Five types of configuration changes were used: translations, rotations (water molecules only), insertions of methane molecules (semigrand simulations), deletions of methane molecules (semigrand simulations), and volume changes (isobaric simulations). The volume changes were attempted with probability 1/N, while all other moves were attempted with equal probability. The system sizes consisted of either one or eight hydrate unit cells. Results presented here are for eight unit cells. The semigrand ensemble simulations were conducted over a range of µ m starting with states in the neighborhood of the zero-
occupancy hydrate and finishing at a fully occupied hydrate. Integration of eq 4 is performed using the trapezoidal rule with equal intervals (δµ m /kT) ) 0.05. In our FL method calculations, A CM -A IE was determined using a ten-point Gaussian quadrature. For the interacting Einstein crystal, we used λ T /(kTσ 2 ) ) 20 000 and λ R /kT ) 20 000, for the PW/HS model and λ T /(kTÅ 2 ) ) 20 000 and λ R /kT ) 20 000 for the SPCE/12-6 model.
IV. van der Waals-Platteeuw Theory
We N w , N m , V, T) is the configurational partition function for the methane molecules in the presence of an external field generated by the water molecules in a frozen configuration, and U mw (0) denotes the methane-water interactions for this frozen water molecule configuration and is expressed as where φ(r i ) is the interaction energy of a single methane molecule with the water molecules. Equation 16 then becomes The next step is to neglect the methane-methane interactions in the hydrate so that we can factorize eq 20 into a product of cell partition functions, each associated with a single methane molecule in a cell. For structure-I, we have two kinds of cells, associated with the large and small cavities, respectively. We where n L denotes the number of methane molecules in large
cages i, n S denotes the number of methane molecules in small cages, and the *'s on the summations now denote the restriction that n L + n S ) N m . Substituting eq 26 into eq 22 and summing over N m gives
Notice that, once a static configuration of water molecules is assumed, and methane-methane interactions neglected, the factorization into cell partition functions is exact and not an additional approximation. We can obtain average number of methane molecules in the hydrate from and the fractional occupancy as where ν L and ν S are the fractions of large and small cages, respectively.
In the original version of the vdWP theory, Z 1 (S) and Z 1 (L) are approximated by treating the cages as spherical cavities and averaging interactions between the methane molecules in the cage and the closest shell of water molecules. 26,27 Subsequent workers have included longer-range methane-water interactions in the computation of Z 1 (S) and Z 1 (L) . [30] [31] [32] [33] [34] [35] [36] [37] The effect of the methane-methane interactions can be included through a mean field approximation 42, 91 so that where a L and a S are the interaction energies between methane molecules at the centers of large and small cages, respectively, and those at the centers of nearest-neighbor cages. Equation 30 can be solved for Θ by iteration. By computing the hydrate occupancies exactly for given intermolecular potential models using Monte Carlo simulations, we can assess the accuracy of assumptions in the vdWP theories. In our calculations with vdWP theories the long-range dispersion interactions were treated with a static lattice summation over 5 × 5 × 5 unit cells, which was sufficient to converge the summations.
V. Results and Discussion
A. Free Energies and Chemical Potentials. We first consider the calculations of the free energies and chemical potentials for the PW/HS model. We have calculated the free energy for the hydrate in the fully occupied and zero-occupancy states and have also calculated the free energy difference between these states using thermodynamic integration of SGMC simulation results for the occupancy versus methane chemical potential. Typical results from these latter calculations are shown in Figure 1 which shows the occupancy of the hydrate versus the methane chemical potential. Figure 2 shows the methane and water chemical potentials versus the methane mole fraction calculated from the results in Figure 1 . We note that the methane chemical potential becomes increasingly positive as the hydrate is filled with methane, or equivalently as seen in Figure 1 , the occupancy reaches a plateau value as the chemical potential is progressively increased. The water chemical potential is less sensitive to the methane mole fraction, since the water density varies only slightly as the methane mole fraction increases. Table  1 shows results of a thermodynamic consistency test where we compare the free energy of the fully occupied hydrate calculated via thermodynamic integration from the zero-occupancy state with that calculated directly from the FL method. The agreement is excellent, indicating that these independent estimates of the free energy are thermodynamically consistent. Figure 3 shows results for the Gibbs energy versus the composition for the PW/HS model of the hydrate for various (4) a Results for the Gibbs free energy are shown for the zero-occupancy hydrate and the fully occupied hydrate calculated from the FL method. The Gibbs free energy of the full hydrate calculated using thermodynamic integration (TI) from the zero-occupancy hydrate reference state via eq 5 is also shown. All simulations were performed on an eight unit cell hydrate.
pressures. The lines in these plots are fits to the simulation results that are described elsewhere 65 where we use them in calculations of hydrate phase diagrams. We see that the Gibbs energy increases with pressure at fixed composition as would be expectedsthe spacing of these curves indicates that the pressure dependence is approximately linear, reflecting the relative incompressibility of the hydrate. The composition dependence changes gradually as the pressure is changed, suggesting that the occupied hydrate becomes more stable with respect to the zero-occupancy hydrate as the pressure is increased.
It is also interesting to study the dependence of the hydrate free energy upon the size of the guest molecule. This is shown in Figure 4 which shows the free energy versus hydrate composition for three guest molecule sizes. The large change in G/N between σ m ) 1.00 and σ m ) 1.25 is mainly due to the loss of free volume for the larger guest molecule. At first glance, the gas hydrate with a smaller guest molecule might be expected to be more stable, but the contrary is found when solid-fluid equilibrium calculations are made 65 because of the impact of the molecular size on the fluid-phase free energy.
In Table 2 , we present calculated properties for the SPCE/ 12-6 model for a hydrate at T ) 241.5 K and P ) 102.9 bar. Results are shown for the full and zero-occupancy hydrate states. The Gibbs energies for both states are shown calculated directly using the FL method, as well as for the full hydrate state calculated via thermodynamic integration using the semigrand ensemble simulation results starting from a zero-occupancy hydrate reference state. The thermodynamic consistency of the results is again evident.
B. Comparisons with vdWP-Type Theories. We have made tests of the vdWP theory for both the PW/HS and SPCE/12-6 models. Figure 5 shows the fractional occupancy versus methane chemical potential for the PW/HS model, and Figure 6 shows the contributions from the large and small cages. Here, we see that the vdWP theory gives excellent agreement with the simulation results. This is in part due to the fact that the PW/HS model has no methane-methane interactions in the hydrate phase. When using this model in calculations of hydrate properties, we add the methane-methane interactions via a van der Waals mean field approximation. 65 In addition, the very strongly directional nature of the association interactions in the PW/HS model makes the hydrate framework a more rigid structure, so that the assumption of a frozen water molecule configuration is more accurate.
We now consider results for the SPCE/12-6 model. In this case, to test the theory we have carried out Monte Carlo simulations in three ways: (i) for a hydrate at fixed pressure; (ii) for a hydrate at a fixed volume given by the average volume from the fixed pressure simulation; (iii) for a hydrate with a fixed volume and frozen water molecule configuration. Figure  7 shows the hydrate fractional occupancy versus the methane chemical potential for these three cases. We see that there is only a slight difference between the results for the constant pressure and constant volume cases, but the occupancy is significantly higher when a frozen configuration of water molecules is used (a similar observation has very recently been made by Sisov and Piotrovskaya 64 ). Figure 8 shows the corresponding results for the small-and large-cage fractional occupancies. Interestingly, we see that the effect of using a frozen water molecule configuration is greater for the smaller cages, reflecting the fact that the cage geometry is more sensitive to the water molecule configuration for the small cages. Figure 9 shows a comparison of the simulation results for the SPCE/12-6 model hydrate with predictions from three versions of the vdWP theory: (i) the original version of the theory, neglecting methane-methane interactions and methanewater interactions beyond the cage; (ii) neglecting methanemethane interactions but including long-range methane-water interactions; (iii) including methane-methane interactions via eq 30 and long-range methane-water interactions. The closest agreement between theory and simulation is between the simulation results with a frozen water molecule configuration and the predictions of eq 30, where the long-range methanemethane and methane-water interactions are included. The closest agreement between theory and the most physically realistic simulation results (i.e., constant pressure simulations without restrictions on the water molecule coordinates) is for the version of the theory neglecting methane-methane interactions but including long-range methane-water interactions. Thus, there seems to be some cancellation of the error arising from the assumption of a fixed configuration of water molecules in the hydrate framework with that arising from the neglect of methane-methane interactions.
VI. Summary and Conclusions
We have presented a methodology for calculating the free energies and chemical potentials of gas hydrate systems from Monte Carlo simulations. The method combines the determination of the free energy of the zero-occupancy hydrate via the FL method with SGMC simulations to calculate free energy and chemical potential differences as a function of hydrate occupancy. We have presented sample calculations for this methodology for two models of the structure-I methane hydrate: (i) the PW/HS model, perhaps the simplest model that can describe hydrate stability; 65 (ii) the SPCE/12-6 model, which is potentially a more quantitatively realistic model.
Our sample calculations for the PW/HS model demonstrate that the method can be applied in a thermodynamically consistent way. For the structure-I methane hydrate, the FL method can be applied to both the zero-occupancy and fully occupied hydrate. Either one of these states can be used as a reference state for calculating the free energies and chemical potentials as a function of hydrate occupancy from the SGMC simulations. For hydrate systems with significant multiple cage occupancy, the FL method cannot be used to obtain free energies for the fully occupied hydrate, since the guest molecules will not be translationally ordered. However, our methodology still works for such cases, because we can still use the zerooccupancy reference state for the thermodynamic integrations.
Our SGMC simulation results for the hydrate occupancy versus methane chemical potential for the structure-I methane hydrate provide useful information about the accuracy of the vdWP theory and its extensions. The original theory is accurate for the PW/HS model because of some intrinsic features of the model, especially the rigidity of the hydrate framework produced by that model. For the more realistic SPCE/12-6 model, the original vdWP theory is less accurate. Its predictions are improved by addition of long-range methane-water and methane-methane interactions. However, our results indicate that for this more realistic model the effects of allowing the water molecules to move are very important, and this is not included in the theories discussed here. The techniques used by Tanaka and co-workers, 41, [43] [44] [45] [46] based on lattice dynamics, may lead to more accurate results. One important observation in our work is the apparent cancellation of errors between the effects of water molecule motions and long-range methane-methane interactions.
The techniques used here have already been used in studies of the methane-water phase diagram using models based on the PW/HS model, including fluid, pure solid, and hydrate phases. 65 This work has shown that this simple model can reproduce all the qualitative features of the phase diagram. Phase diagram calculations for more realistic models with the goal of achieving more quantitative agreement with experimental phase behavior are underway.
